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Abstract.
The non-Gaussian distribution of primordial perturbations has the potential to
reveal the physical processes at work in the very early Universe. Local models provide
a well-defined class of non-Gaussian distributions that arise naturally from the non-
linear evolution of density perturbations on super-Hubble scales starting from Gaussian
field fluctuations during inflation. I describe the δN formalism used to calculate the
primordial density perturbation on large scales and then review several models for the
origin of local primordial non-Gaussianity, including the cuvaton, modulated reheating
and ekpyrotic scenarios. I include an appendix with a table of sign conventions used
in specific papers.
1. Introduction
The common presumption that primordial density perturbations have a Gaussian
distribution is a powerful simplifying assumption that allows one to specify all the
properties of the distribution once the two-point correlation function is known in real
space, or equivalently the power spectrum in Fourier space. In particular the three-
point and connected higher moments of the distribution vanish. On the other hand the
statement that a distribution is non-Gaussian opens up an infinite array of possibilities.
This has led to an assortment of empirical tests for non-Gaussianity of the primordial
perturbations. By contrast there are relatively few non-Gaussian distributions that are
motivated by theoretical models for the origin of structure in the early universe. While
one can argue that a Gaussian distribution could describe density perturbations arising
from a wide range of possible sources, any detection of deviations from a Gaussian
distribution predicted by a specific theoretical model would be strong evidence in
support of that model.
Vacuum fluctuations in light, weakly-coupled scalar fields during a period of
inflation (defined here as accelerated expansion, a¨ > 0) in the very early universe provide
a natural origin for an almost Gaussian distribution of field perturbations on large scales.
Fluctuations in a free quantum field on small scales with comoving wavenumber, k,
are swept up to scales much larger than the comoving Hubble scale, H−1/a = 1/a˙,
which shrinks during inflation. On super-Hubble scales (k < aH) damping drives the
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fluctuations into a squeezed state and they can effectively be treated as a classical
random distribution [1]. Models of slow-roll inflation in the early universe are driven
by canonical fields whose self-interactions are small relative to the Hubble scale and
hence their distribution on scales close to the Hubble scale remains well described by a
Gaussian distribution with vanishing third- and higher-order connected functions [2, 3].
As inflation continues to stretch the perturbations up to scales far larger than the
Hubble scale, spatial gradients are expected to become negligible and the we may treat
the evolution locally as effectively “separate universes” [4, 5] whose initial conditions
are set by the Gaussian distribution of the scalar field values during inflation. This
motivates the study of local models of primordial non-Gaussianity where the distribution
of primordial density perturbations, ζ, can be described by a local function of one or
more Gaussian random fields, ζ(δϕI). A linear function of Gaussian fields is itself
Gaussian, so a non-Gaussian distribution implies non-linearity and the study of non-
linear cosmological perturbations. This local model for non-Gaussianity turns out to
be a very good description of non-Gaussianity in some simple physical models for the
origin of structure in the very early universe.
Conventionally the primordial perturbations are characterised by the metric
potential in the matter-dominated era, Φ = (3/5)ζ. In Fourier space we define the
power spectrum and bispectrum as
〈Φk1Φk2〉 = (2pi)3PΦ(k1)δ3(k1 + k2) , (1)
〈Φk1Φk2Φk3〉 = (2pi)3BΦ(k1, k2, k3)δ3(k1 + k2 + k3) , (2)
and the amplitude of the bispectrum relative to the power spectrum is then given by
the dimensionless parameter
fNL(k1, k2, k3) ≡ BΦ(k1, k2, k3)
2 [PΦ(k1)PΦ(k2) + PΦ(k2)PΦ(k3) + PΦ(k3)PΦ(k1)]
. (3)
In a perturbative expansion, the second-order expression for the metric potential
as a local function of a single Gaussian field, φ, is given by [6]
Φ(x) = φ(x) + fNL
(
φ2(x)− 〈φ2〉
)
+ . . . . (4)
In this special case fNL is, by construction, a constant parameter independent of spatial
position or scale. However in more general local models the ratio of the bispectrum to
the power spectrum given by Eq. (3) may be taken as a definition of fNL which is then
scale and shape-dependent. Note that following Komatsu and Spergel [6] we adopt a
sign convention for the metric potential Φ, and hence fNL, which is the opposite of that
used by, for example, Mukhanov et al [7] and Maldacena [2]. Specific sign conventions
are summarised in a table in an Appendix.
In section 2 I review the δN -formalism that is commonly used to calculate
the primordial density perturbation on large scales and its higher-order correlations,
including the use of Feynman-type diagrams and how the δN formalism extends to
the description of primordial isocurvature density perturbations. In section 3 I review
several examples of models for the origin of structure in the very early universe and
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the local non-Gaussianity they give rise to. I conclude in section 4 with brief review of
current observational constraints.
2. The δN expansion
A powerful technique for calculating the non-linear primordial density perturbation
in many cosmological models is the δN formalism [8, 9, 5, 10], which identifies the
primordial density perturbation with the perturbed logarthmic expansion, N =
∫
Hdt.
In Friedmann-Robertson-Walker (FRW) cosmology there is a preferred foliation of
spatial hypersurfaces which are maximally symmetric, and on which the matter density
and pressure are also homogeneous and isotropic. In an inhomogeneous universe we
can use the difference between uniform-expansion hypersurfaces and uniform-matter
hypersurfaces as a measure of inhomogeneity. At first order we define [11, 12]
ζ1 ≡ C1 − H
ρ˙
δ1ρ . (5)
where C1 and δ1ρ are the gauge-dependent spatial metric and density perturbations
respectively [7, 12] (see Appendix A). This can be interpreted either as a curvature
perturbation on uniform-density hypersurfaces (where δρ = 0) or a dimensionless density
perturbation on uniform-curvature hypersurfaces (where C = 0).
Local energy conservation equation [5] ensures that ζ1 remains constant for
adiabatic density perturbations in the long-wavelength limit where (k/aH)2Φ1 → 0
and ζ1 approaches the comoving curvature perturbation, R. Thus during inflation it is
convenient to evaluate the comoving curvature perturbation on large scales, k/aH → 0,
in order to determine the primordial density perturbation from single-field inflation
ζ1 → R1 = C1 − H
ϕ˙
δ1ϕ . (6)
Because the non-adiabatic decaying mode rapidly decays outside the Hubble scale [13]
it is sufficient to evaluate the primordial perturbation due to scalar field perturbations
shortly after Hubble exit, k = aH. However in multi-field inflation, additional light
fields can lead to non-adiabatic pressure perturbations on super-Hubble scales and ζ1
becomes time-dependent in general [14, 15].
Beyond linear order, we can identify the non-linear metric perturbation which
coincides with ζ1 at first order and on large scales [16] (see also [17, 18] and the article
by Langlois and Vernizzi elsewhere in this issue [19])
ζ(t,x) = δN(t,x) +
1
3
∫ ρ(t,x)
ρ¯(t)
dρ˜
ρ˜+ P˜
. (7)
where ρ¯(t) is the homogenous background density, ρ(t,x) denotes the local
inhomogeneous density and the local expansion is given by N =
∫
Hdt, where H(t,x) =
∇µuµ/3 is the local Hubble expansion rate along comoving worldlines, uµ = dxµ/dτ .
A local form for the distribution of ζ naturally arises from the evolution of matter
fields on scales much larger than the Hubble scale in the very early universe. After
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averaging on some scale, L  H−1, such that spatial gradients and anisotropy can be
neglected, then the local expansion is well-described by the Friedmann equation for a
homogeneous universe with the corresponding local density and pressure. This is known
as the “separate universe” approach [5], and can be derived from the full inhomogeneous
equations of motion as a long-wavelength limit in a gradient expansion [4, 17, 18]. In
this approach the local evolution, along a given worldline, is determined by the initial
values of the matter fields on an initial spatial hypersurface.
Therefore one can evaluate ζ(tf ,x), defined by Eq. (7), as δN , the perturbed
expansion on a uniform-density hypersurface (ρ(tf ,x) = ρ¯(tf ) for all x) at some final
time tf after inflation has ended by evaluating the integrated expansion from some
initial spatially flat hypersurface, δN(ti,x) = 0 for all x [8, 9, 10]. In the separate
universe framework [5] the inhomogeneous universe is modelled as a patchwork of locally
homogeneous regions which, due to causality, evolve independently. In particular one
can determine the non-linear local expansion N using the Friedmann equation for the
local expansion as a function of the initial local fields, ϕI(ti,x) = ϕ¯(ti) + δϕ(ti,x).
Assuming N(ϕI) is an analytic function of the initial field values, we have the Taylor
series expansion [10]
ζ = N(ϕI)− N¯ = NIδϕI + 1
2
NIJδϕ
IδϕJ +
1
6
NIJKδϕ
IδϕJδϕK + . . . , (8)
where NI = ∂N/∂ϕ
I , etc, and summation is implied over repeated indices. If the
field perturbations themselves are constructed as an expansion in a small perturbation
parameter
ϕI = ϕ¯I + δ1ϕ
I +
1
2
δ2ϕ
I +
1
6
δ3ϕ
I + . . . , (9)
then we can write, order by order in a perturbative expansion ζ = ζ1 + ζ2/2 + ζ3/6 . . .,
where
ζ1 = NIδ1ϕ
I , (10)
ζ2 = NIJδ1ϕ
Iδ1ϕ
J +NIδ2ϕ
I , (11)
ζ3 = NIJKδ1ϕ
Iδ1ϕ
Jδ1ϕ
K + 3NIJδ1ϕ
Iδ2ϕ
J +NIδ3ϕ
I , (12)
To calculate the statistics of the primordial perturbation, ζ, we therefore need to
know the dependence of the large scale expansion upon the initial field values, N(ϕI),
and the statistical distribution of the initial field values. The distribution of the fields
is determined by the quantum fluctuations of the vacuum in any given inflationary
model. We take the first-order perturbations to describe the vacuum fluctuations of
the non-interacting free fields, and build up the higher-order terms from the interaction
Hamiltonian, following Maldacena [2] (see also the article by Koyama elsewhere in this
issue [20]).
In canonical slow-roll inflation the linear field perturbations defined on unperturbed
spatially flat hypersurfaces [21, 22] are given by the flat spacetime vacuum on sub-Hubble
scales and are then approximately constant on super-Hubble scales with power spectra
〈δ1ϕIk1δ1ϕJk2〉 ' (2pi)3P (k1)δIJδ3(k1 + k2) , (13)
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where P (k1) ≈ H2∗/2k31 and H∗ is the Hubble scale at Hubble-exit, k = a∗H∗. Note that
the dimensionless power spectrum, related to the variance in real space, is multiplied
by a volume factor in k-space to give
P(k) = 4pik
3
(2pi)3
P (k) '
(
H∗
2pi
)2
, (14)
and this is approximately scale invariant, with spectral tilt∣∣∣∣∣d lnPd ln k
∣∣∣∣∣ 1 . (15)
Scalar field interactions are suppressed by slow-roll parameters and so field
perturbations on scales close to the Hubble scale are approximately Gaussian. In the
following we will assume that all connected higher-order moments of the scalar field
perturbations vanish at some fixed time during inflation, shortly after all relevant scales
have crossed outside the Hubble scale, k < aH. Hence N is well-described by a local
function of Gaussian random fields soon after the smallest relevant modes have left the
Hubble scale ‡.
We will assume that δ2ϕ
I , δ3ϕ
I , etc, vanish sufficiently close to Hubble exit and
thus the higher-order moments are given by the first terms on the right-hand-side of
Eqs. (11) and (12). In particular the primordial power spectrum is given, at leading
order, by
〈ζk1ζk2〉 = NINJ〈δϕIk1δϕJk2〉 = (2pi)3Pζ(k1)δ3(k1 + k2) , (16)
where
Pζ(k1) = NIN
JδIJP (k1) , (17)
In the next subsection we will discuss higher-order contributions to the primordial power
spectrum coming from higher-order terms in the δN expansion. These can be identified
as “loop” corrections in a diagrammatic approach [26], where the leading order result
(16) is the “tree-level” term.
Similarly we can construct the leading order terms in the bispectrum and
trispectrum
〈ζk1ζk2ζk3〉 = (2pi)3Bζ(k1, k2, k3)δ3(k1 + k2 + k3) , (18)
〈ζk1ζk2ζk3ζk4〉 = (2pi)3Tζ(k1, k2, k3)δ3(k1 + k2 + k3 + k4) , (19)
where
Bζ(k1, k2, k3) = NINJN
IJ [P (k1)P (k2) + 2 perms] , (20)
Tζ(k1, k2, k3) = NIJKN
INJNK [P (k2)P (k3)P (k4) + 3 perms]
+NIJN
J
KN
INK [P (k3)P (k4)P (k13) + 11 perms] , (21)
and k12 = |k1 − k2|, etc.
‡ Alternatives to slow-roll models of inflation based on non-canonical scalar field Lagrangians with non-
linear kinetic terms, such as k-inflation [23] or DBI inflation [24], can lead to significant non-Gaussianity
of the field perturbations at Hubble exit and hence produce different types of non-Gaussianity, different
from the local form.
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(a) (b)
Figure 1. Power spectrum diagrams for δN expansion with Gaussian fields (a) at tree
level, and (b) one loop, corresponding to each term in Eq. (22).
2.1. Diagrammatic approach
The perturbative expression of the non-linear expansion as a function of the field values
during inflation (8) is conveniently expressed in terms of Feynman-type diagrams [26]
(see also [25]). Similar diagrams have been used in the analysis of large-scale structure in
cosmology [27, 28]. Every term in the n-point function can be identified with a diagram
with n external lines. To perturbative order r one should draw all diagrams with r
internal propagators. Tree-level diagrams correspond to r = n− 1 while diagrams with
r ≥ n are loop corrections. If the expansion is a local function of Gaussian fields then
the internal propagators have no self-interactions. Examples are shown in Figure 1. A
comprehensive prescription for drawing diagrams and constructing the corresponding
terms to any given order are given by Byrnes et al [26].
Here we will consider only diagrams for Gaussian fields, ϕA. The power spectrum
up to one-loop is then shown in figure 1, corresponding to
Pζ(k) = NANBδ
ABP (k)
+
1
(2pi)3
∫
d3q d3q′
(
1
2
NABNCDδ
3(q′ − q + k) +NANBCDδ3(q′ − k)
)
δACδBDP (q)P (q′) . (22)
Similarly the bispectrum and higher-order correlations can be evaluated including an
arbitrary number of loop corrections.
Because the loop corrections include integrations over all internal momenta, and
the scalar field perturbations are expected to have almost scale invariant power spectra
during inflation, the loop corrections can give corrections that, although only slowly
growing on large scales, formally diverge in the infra-red limit. This issue is discussed
by Seery elsewhere in this issue [29]. Typically the corrections remain small in a region
which is not much larger than the observable universe, but in some cases, for instance if
the tree-level terms are absent [30], then loop corrections may play an important role.
Some loop corrections, such as the second one-loop term in Eq. (22), can be
identified as dressing the vertices. Byrnes et al [26] noted that these can be interpreted
Local non-Gaussianity from inflation 7
as renormalising the derivatives of N in terms of the average local derivatives:
〈N˜A〉 ≡
∫
d3qNA +
1
(2pi)3
∫
d3qNABCδ
BCP (q) + . . . (23)
Renormalising the vertices in this way simplifies the expressions for the loop corrections,
to yield only one new term at each new order. In real space this is sufficient to resum all
divergences, but in Fourier space the dependence on IR wavenumbers on the convolution
remains. For instance the power spectrum to one loop becomes
Pζ(k) = 〈N˜A〉〈N˜B〉δABP (k)
+
1
(2pi)3
∫
d3q
1
2
〈N˜AB〉〈N˜CD〉δACδBDP (k)P (k − q) . (24)
2.2. Single-field vs multi-variate local models
If the primordial density perturbation (8) is a local function of a single scalar field
ζ = N ′δϕ+
1
2
N ′′δϕ2 +
1
6
N ′′′δϕ3 + . . . , (25)
then the expressions for the higher order moments of the primordial distribution, e.g.,
(20) and (21), simplify considerably and we can write
Bζ(k1, k2, k3) =
6
5
fNL [Pζ(k1)Pζ(k2) + 2 perms] , (26)
Tζ(k1, k2, k3) =
54
25
gNL [Pζ(k2)Pζ(k3)Pζ(k4) + 3 perms]
+ τNL [Pζ(k3)Pζ(k4)Pζ(k13) + 11 perms] , (27)
where at leading order (tree-level) the non-linearity parameters are given by [10, 31]
fNL =
5
6
N ′′
N ′2
, τNL =
36
25
f 2NL , gNL =
25
54
N ′′′
N ′3
. (28)
The δN expression for the primordial perturbation (8) goes beyond the simplest
local model (4) by considering the case where the primordial perturbation is a function
of more than one Gaussian random field. Including terms up to second order we have
Φ(x) =
∑
I
ΦI(x) +
∑
I,J
fIJ
(
ΦI(x)ΦJ(x)− 〈ΦIΦJ〉
)
+ . . . , (29)
where we have defined ΦI = (3/5)NIδϕ
I and fIJ = (6/5)NIJ/NINJ (no sums). The
non-linearity parameter fNL defined by Eq. (3) is then k-dependent and given by [32]
fNL =
∑
I,J NIJ [PI(k1)PJ(k2) + PI(k2)PJ(k3) + PI(k3)PJ(k1)]∑
I,J NINJ [PI(k1)PJ(k2) + PI(k2)PJ(k3) + PI(k3)PJ(k1)]
. (30)
This is a constant if the scale-dependence of all the fields which contribute to the
primordial perturbation is the same, but in general it is scale and shape dependent.
k-dependence of fNL defined by Eq. (3) also arises due to interactions and hence
non-Gaussianity of fields on super Hubble scales [32], but this goes beyond the strict
definition of local models considered here. If the fields are all approximately massless
during inflation then their scale-dependence and interactions are small and the k-
dependence of fNL is expected to be weak (but see [33]).
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2.3. Isocurvature non-Gaussianity
Having identified the non-linear primordial density perturbation, ζ, with the perturbed
expansion, δN , up to a uniform density hypersurface, it is straightforward to extend
this to n primordial density perturbations in an n-component system, where we define
ζα ≡ δN + 1
3
∫ ρα
ρ¯α
dρα
ρα + Pα
. (31)
Relative density perturbations between the different components which leave the
total energy density unperturbed are know as isocurvature perturbations. In particular
a relative perturbation between photons and baryons around the time of last scattering
of the CMB photons corresponds to a perturbation of the local entropy (determined by
the photon number density) per baryon and hence such perturbations are also known
as entropy perturbations. At linear order we have
SB =
δnB
nB
− δnγ
nγ
. (32)
We can identify this with the difference between the two primordial density
perturbations ζB and ζγ, up to a factor of 3. Hence beyond linear order we define
[34, 35]
SB ≡ 3 (ζγ − ζB) . (33)
A similar definition is used for the cold dark matter isocurvature perturbation, SCDM ,
and the neutrino isocurvature perturbation, Sν , relative to the photon number density.
More generally for an n component system we can decompose an arbitrary density
perturbation into one adiabatic density perturbation, ζ = ζα for all components α, and
n− 1 independent isocurvature modes
Sαβ ≡ 3(ζα − ζβ) . (34)
One can define non-linearity parameters for the isocurvature bispectrum at leading
order analogous to the adiabatic bispectrum (3)
fS(k1, k2, k3) =
BS(k1, k2, k3)
2 [PS(k1)PS(k2) + PS(k2)PS(k3) + PS(k3)PS(k1)]
. (35)
If the isocurvature modes are uncorrelated with the adiabatic density perturbation, and
we use the linear relation between primordial matter isocurvature perturbations and the
Newtonian potential, Φ = SCDM/5, we obtain [34]
fNL =
5fS
162
PS(k1)PS(k2) + PS(k2)PS(k3) + PS(k3)PS(k1)
PΦ(k1)PΦ(k2) + PΦ(k2)PΦ(k3) + PΦ(k3)PΦ(k1)
. (36)
However one should be wary of interpreting bounds on the adiabatic fNL as any
constraint on isocurvature non-Gaussianity which leads to a distinctive bispectrum on
the CMB sky [34, 36]. Moreover the isocurvature modes are in general correlated with
adiabatic modes [37] and hence there may exist non-vanishing cross-correlations, 〈Sζζ〉
and 〈SSζ〉 [35].
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3. Models of non-Gaussianity
3.1. Single inflaton
A homogeneous scalar field cosmology evolves like that of a fluid with time dependent
density and pressure, but an inhomogeneous scalar field is not in general a barotropic
fluid [38]. However the non-adiabatic part of the field’s pressure perturbation is
proportional to the field’s comoving density perturbation [13]. The Einstein equations
energy and momentum constraints require that the comoving density perturbation
vanishes in the large scale limit where the Newtonian potential stays finite [12] and
hence if the local energy density and pressure during inflation is dominated by a single
scalar field then perturbations must be adiabatic in this large scale limit. The field
perturbations enter a squeezed state in phase space and the local time derivative of the
field is no longer independent of the local field value.
This makes it straightforward to predict the primordial density perturbation and
hence the local non-Gaussianity for inflation models with a single inflaton field. As
all perturbations are adiabatic then the local density and pressure follow the same
phase-space trajectory in phase-space as the background cosmology with δp/δρ = p˙/ρ˙.
This ensures that the perturbation ζ is non-linearly conserved in this large scale limit
[5, 39, 17, 16, 18] and we can calculate the primordial density perturbation, long after
inflation, in terms of quantities during inflation. Using the δN -formalism we just need
to calculate the effect of field perturbations on the local expansion, N , during inflation.
To first order we have
ζ1 = N
′δϕ = −H
ϕ˙
δϕ , (37)
where δϕ denotes field perturbations in the spatially flat gauge. This is time-independent
on large scales, but in practice it is convenient to evaluate it soon after Hubble exit
(k = aH) where the amplitude of the field perturbations are given by P (k) ' H2∗/2k3.
We then obtain the simple result for the primordial power spectrum at leading order
Pζ(k) =
(
H
ϕ˙
)2
∗
P (k) . (38)
At second order, assuming a Gaussian field δϕ, we have
ζ2 = N
′′δϕ2 =
(
− H˙
ϕ˙2
+
Hϕ¨
ϕ˙3
)
δϕ2 , (39)
In terms of the usual slow-roll parameters  = −H˙/H2 and η = −(ϕ¨/Hϕ˙) − (H˙/H2)
we have
ζ2 = (2− η) ζ21 . (40)
Thus we see that the second order primordial density perturbation is suppressed with
respect to the square of the first-order perturbations and hence |fNL|  1 [40, 41]. In fact
at this order in the slow-roll approximaton we can no longer neglect the intrinsic non-
Gaussianity of the fields at Hubble exit [2], and a simple argument where we consider
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long-wavelength perturbations to set the local Hubble expansion as shorter wavelengths
leave the Hubble scale [42] shows that in the squeezed limit, where k21  k22 + k23, we
find
fNL(k1, k2, k3) =
5
6
(3− η) . (41)
More generally, for any single field model producing adiabatic perturbations during
inflation the bispectrum can be related to the scale-dependence of the power spectrum
in the squeezed limit and we have [43]
fNL(k1, k2, k3) =
5
12
(1− nζ) . (42)
where nζ − 1 = d lnPζ/d ln k. Observational bounds on the spectral tilt, |nζ − 1|  1,
thus ensure that local-type non-Gaussianity is very small in single-inflaton field models.
3.2. Curvaton
The curvaton scenario [44, 45, 46, 47, 48] provides a simple model for the origin of the
primordial perturbations which could exhibit significant non-Gaussianity of the local
type [49].
The curvaton is a weakly-coupled scalar field which is light during inflation, m H,
but it has a negligible energy density at that time. Quantum fluctuations of the field
during inflation generate an almost scale invariant spectrum of field perturbations on
super-Hubble scales. We assume that the weakly-coupled field remains decoupled from
the inflaton and its decay products at the end of inflation. The field begins to oscillate
about the minimum of its potential when the Hubble rate drops below the mass of the
field some time after inflation. An oscillating massive field, m H, has a pressureless
equation of state (averaged over several oscillation times) and hence the curvaton energy
density decays as a−3, but grows relative to the energy density of radiation, ∝ a−4. This
is the Polonyi or moduli problem of weakly coupled scalar fields which can come to
dominate the energy density of the early universe, disrupting the conventional hot big
bang. This is not a problem so long as the moduli decay and their decay products
thermalise before the epoch of primordial nucleosynthesis. The inhomogeneous density
of the curvaton is transfered to the radiation when the curvaton decays leading to a
primordial density perturbation on super-Hubble scales.
Note that, in contrast to inflaton perturbations, the curvaton field fluctuations are
isocurvature field perturbations during inflation and thus give rise to non-adiabatic
pressure perturbations after inflation which leads to a change in the value of the
perturbation, ζ, on super-Hubble scales. Thus the bispectrum in the squeezed limit
is not constrained by the relation (42) for perturbations generated by the adiabatic
mode during inflation.
In the simplest example of a curvaton field, χ, with potential V (χ) = m2χ2/2,
the curvaton field is a free field during inflation with no self-interactions and hence is
described by a Gaussian field. The quadratic potential naturally leads to a primordial
density field that is a quadratic local function of the Gaussian curvaton field and
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hence the simplest curvaton model is well described by the simplest local model of
non-Gaussianity given in Eq. (4).
The density perturbation for the oscillating curvaton field on spatially flat
hypersurfaces is given by Eq. (31)
ζχ =
1
3
ρχ − ρ¯χ
ρ¯χ
=
2χ¯δχ+ δχ2 − 〈δχ2〉
χ¯2
. (43)
In the case where the curvaton density remains sub-dominant throughout we can
assume a linear transfer to the primordial density perturbation, with transfer efficiency
r ∼ Ωχ,decay = ρχ/ρtot|decay, and we can write
ζ = rζχ = ζ1 +
5
6
fNL
(
ζ21 − 〈ζ21 〉
)
. (44)
where we identify
ζ1 =
2r
3
δχ
χ¯
. (45)
and the non-linearity parameter [49]
fNL =
5
4r
. (46)
For r  1 we can have large, positive fNL§. In this case current observational bounds
on fNL [63] place a lower bound on r > 0.01.
For r ∼ 1 we need to include the gravitational effect of the curvaton density when
it decays. If we assume an instantaneous decay hypersurface given by the local Hubble
rate H = Γ, we obtain the non-linear relation between the curvaton perturbation ζχ
and the primordial perturbation ζ [51]
(1− Ωχ,decay)e−4ζ + Ωχ,decaye3(ζχ−ζ) = 1 , (47)
from which we recover Eq. (45) at linear order, where r = 3Ωχ,decay/(4− Ωχ,decay), and
at second and third order we obtain the non-linearity parameters as a function of r
[52, 10, 51]
fNL =
5
4r
(
1− 4r
3
− 2r
2
3
)
, (48)
gNL = −25
6r
(
1− r
18
− 10r
2
9
− r
3
3
)
. (49)
A measurement of both fNL and gNL would be an important consistency test of the
simplest curvaton model as both are a function of a single parameter, r. For a sub-
dominant curvaton, r  1, we recover Eq. (46) for fNL and gNL ' −10fNL/3 [51]. In
§ There has been some confusion in the literature over the “correct” sign for fNL in the curvaton
scenario. See Appendix A for a table of sign conventions used in specific papers. In my own papers,
the original result for fNL in Ref. [49] had the “correct” sign (that used here, which coincides with that
used for observational constraints [6]) due to a combination of the sign convention used and a sign error
in the arithmetic. The mistake in the arithmetic was corrected, for instance in Ref. [50], but then the
sign was “wrong” because of the sign convention used.
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the opposite limit, as r → 1, where the curvaton dominates the energy density of the
universe before it decays, we have fNL → −5/4 and gNL → 25/12.
Other possibilities that have been studied include a kinetic-energy dominated era
(rather than radiation dominated) before curvaton decay [53] and multiple curvaton-type
fields [54]. Even in the case of multiple curvaton fields contributing to the primordial
density perturbation we recover the same lower bound fNL ≥ −5/4 as in the single
field case [55, 56]. A much wider range of local non-Gaussianity becomes possible if
we consider the effect of self-interaction terms in the curvaton potential, such that
V = m2χ2/2 + λχn + . . . with n ≥ 3 which can lead to non-linear evolution of the field
before it decays [57, 58, 59, 60]. In this case one may find large negative values of fNL
for specific model parameters and initial conditions.
Another distinctive aspect of the curvaton model is the possibility to leave residual
isocurvature perturbations after the curvaton has decayed [44, 45, 47]. Non-adiabatic
perturbations on super-Hubble scales during inflation are necessary, but not sufficient,
condition for the existence of primordial isocurvature perturbations after inflation.
Whether or not residual isocurvature modes survive after the curvaton decays depends
upon the reheating history [61]. If all the curvaton decay products thermalise with
vanishing chemical potential then the primordial perturbation must be adiabatic [62].
But if a baryon or lepton asymmetry has already been created, or the curvaton decay
itself produces the asymmetry, or the dark matter has already decoupled, then a residual
isocurvature perturbation, SX , may be left, and it will be completely correlated (or anti-
correlated) with the total density perturbation, ζ.
For example, if the curvaton decay is the out-of-equilibrium process which breaks
time-reversal invariance and violates the baryon number then the baryon number inherits
the same density perturbation as the curvaton, ζB = ζχ, to all orders [35]. In this case
bounds on the amplitude of the linear primordial isocurvature perturbation [63] requires
that the curvaton dominate the energy density when it decays, r ' 1, so that ζ ' ζB
and, from Eq. (33), SB  ζB. In this case the intrinsic non-linearity parameter of the
isocurvature perturbation is of order unity, and the contribution to the CMB bispectrum
is suppressed relative to that from the total density perturbation.
A mixed curvaton-inflaton scenario yields a much richer phenomenology of
adiabatic, non-adiabatic and non-Gaussianity of primordial perturbations [64, 65, 66,
67, 35, 68].
3.3. Multiple-field inflation
The curvaton is just one example of how fields other than a single inflaton driving
inflation, could play a significant role in determining the primordial density perturbation
after the end of inflation. The presence of non-adiabatic perturbations on super-Hubble
scales allows in principle for the evolution of the large-scale density perturbation after
Hubble-exit [13] and hence local non-Gaussianity in the primordial density perturbation
some time after inflation.
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One of the best studied models is double inflation with two massive but non-
interacting fields [8, 37] where the non-linearity parameter though not necessarily slow-
roll suppressed is not expected to be much larger than unity [69, 70, 71]. Primordial
isocurvature perturbations have also been studied in this model where one of the massive
fields is identified as a dark matter candidate [72, 37, 35].
In general it seems surprisingly difficult to produce large non-linearity parameters
during slow-roll inflation, but examples can be constructed [73]. For more discussion
see the article by Tanaka et al in this volume [74], and the recent review by Byrnes and
Choi [75]. Non-Gaussianities could be produced by the breakdown of slow-roll due to
features in the potential [76] or particle production [77].
In inflationary models where more than one field remains light until the end of
inflation it is necessary to consider possible evolution of the density perturbation on
large scales at or after the end of inflation. The end of slow-roll inflation is an epoch
at which the large-scale density perturbation may have a non-linear dependence upon
non-adiabatic modes, especially it there is an abrupt change in the equation of state
[78, 79, 80, 81].
It is very natural to realise this possibility in hybrid inflation models [82] where
inflation is ended by a tachyonic instability triggered in a waterfall field, leading to
a rapid phase transition and decay of the false vacuum. In string theory models of
inflation this may describe the collision of branes in a higher-dimensional space [83].
The instability corresponds to a surface in field space, and if the inflaton trajectory is
not orthogonal to this surface then non-adiabatic field perturbations, orthogonal to the
trajectory [13], are converted into density perturbations at the phase transition. In the
simplest case, taking the extreme slow-roll limit and assuming instantaneous reheating,
the energy density will be almost uniform on the spatial hypersurface corresponding
to the phase transition, and thus the perturbed expansion to this surface, δN , can be
identified with the primordial density perturbation, ζ in Eq.(7).
3.4. Modulated decay
A specific example where the primordial density perturbations may be produced just
after the end of inflation is when the decay rate of the inflaton is a function of one or
more moduli fields [84, 85]. Because this occurs some time after Hubble exit during
inflation, this produces local type non-Gaussianity [86, 87, 88].
If we approximate the inflaton reheating by a sudden decay, as we did earlier for
the curvaton decay, we find an analytic estimate of the non-linear density perturbation.
In the case of modulated reheating, the decay occurs on a spatial hypersurface with
variable local decay rate and hence local Hubble rate Hd = Γ(χ). Before inflaton
decay, the oscillating field has a pressureless equation of state and there is no density
perturbation perturbation. Setting ζ = 0 in Eq. (7) thus gives the perturbed expansion
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on the decay hypersurface
δNd = −1
3
ln
(
ρd
ρ¯d
)
. (50)
After the decay the we have radiation with equation of state p = ρ/3 and hence from
Eq. (7) a density perturbation
ζ = δNd +
1
4
ln
(
ρd
ρ¯d
)
. (51)
Eliminating δNd and using the local Friedmann equation, ρ ∝ H2, to determine the
local density in terms of the local decay rate, Hd = Γ(χ), we have
ζ = −1
6
ln
(
Γ(χ)
Γ¯
)
. (52)
At first order we recover the linear relation [84, 87]
ζ1 = −1
6
Γ′
Γ
δχ . (53)
At higher order we obtain [88]
ζ2 =
1
6
(Γ′
Γ
)2
− Γ
′′
Γ
 δχ2 , (54)
ζ3 =
1
6
−2(Γ′
Γ
)3
+ 3
Γ′′Γ′
Γ2
− Γ
′′′
Γ
 δχ3 , (55)
and hence
fNL = 5
(
1− Γ
′′Γ
Γ′2
)
, (56)
gNL =
50
3
(
2− 3ΓΓ
′′
Γ′2
+
Γ′′′
Γ′3
)
, (57)
and so on to higher order. Thus for an approximately linear modulation function Γ(χ)
we have fNL ' 5 and gNL ' 100/3 while for Γ ∝ χ2 we obtain fNL ' 5/2 and gNL ' 25/3.
Similar results are found if the mass of the inflaton decay products is modulated, so-
called inhomogeneous mass domination [89, 87].
Resonant decay or preheating may be sensitive to non-adiabatic modes [90, 91, 92,
93, 94, 88]. In these models observational constraints on primordial non-Gaussianity
impose significant constraints on the allowed parameter values and initial conditions
[95]. For a review of inflaton dynamics and reheating see Bassett et al [50].
3.5. Ekpyrotic model
There have been numerous attempts to construct alternatives to inflation as a model for
the origin of primordial perturbations. Many of these exploit the similarities between an
inflationary expansion and a collapse phase where the comoving Hubble scale decreases
and thus quantum vacuum fluctuations evolve into the super-Hubble regime [96, 97].
Local non-Gaussianity from inflation 15
As the Hubble rate grows during collapse, these models generally require some form of
instability for the perturbations to grow on super-Hubble scales and maintain a scale-
invariant spectrum. For example, a simple collapse model driven by a scalar field with
pressureless equation of state generates a scale-invariant spectrum for ζ on super-Hubble
scales [97, 98]. The non-Gaussianity in this has recently been calculated [99] and shown
to yield fNL ∼ 1, though not of the local form in Eq. (4). Ultimately the four-dimensional
low-energy effective theory must break down as the collapse rate approaches the Planck
scale and this leaves some uncertainty about how the perturbations are transfered to
the expanding hot big bang, but at least within the collapse phase it is possible to study
the growth of perturbation ζ and its non-Gaussianity.
Recent attention has focussed on the ekpyrotic model [100, 101]. In the 4D effective
theory this corresponds to a cosmology driven by scalar fields with steep exponential
potentials, VI(ϕ
I) ∝ exp(−cIϕI) (no sum) leading to an ultra-stiff equation of state
p/ρ  1. The separate universe picture is an excellent approximation on super-
Hubble scales during an ekpyrotic phase [39, 111]. Thus, for fields with canonical
kinetic Lagrangians, the local values of the fields perturbations at Hubble-exit have
an approximately Gaussian distribution and set the initial conditions the subsequent
local expansion history. As a result we expect the primordial non-Gaussianity to have
a local form, and due to the strong self-interaction terms in steep potentials, we expect
the non-linearities to become large [103].
The adiabatic mode during an ekpyrotic collapse leads to a steep blue spectrum
for ζ [104] but in the presence of two or more fields with steep exponential
potentials it is possible to produce an almost scale-invariant spectrum of isocurvature
perturbations [105, 106, 102, 107, 103]. Consider the simple case of two fields with
potential
V = −V1 exp
(
−c1ϕ(1)
)
− V2 exp
(
−c2ϕ(2)
)
, (58)
Performing a rotation in field-space this can be re-written as [108]
V = V0 exp(−cσ)
[
−1− c
2
2
s2 − K3c
3
12
√
2
s3 − K4c
4
96
s4 . . .
]
, (59)
where the fast-roll parameter c−2 = c−21 + c
−2
2 and we identify s as the tachyonic field
direction which acquires an almost scale-invariant spectrum of perturbations about s = 0
on super-Hubble scales, with spectral tilt
d lnP
d ln k
=
4
c2
. (60)
For an almost scale-invariant spectrum we require c2  1.
Note that in the δN formula the scale dependence of the primordial power
spectrum (at leading order) follows directly from the scale-dependence of the initial
field perturbations, nζ − 1 = 4/c2, but the amplitude depends on the subsequent
expansion history. In the ekpyrotic scenario different models have been proposed for
the conversion of the isocurvature field perturbations to density perturbation ζ. The
tachyonic instability itself will lead to a phase transition to an ekpyrotic phase dominated
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by just one of the fields, ϕI [109]. In this case N(ϕ(1), ϕ(2)) can be calculated analytically
for the simple model (58) and we find [110, 111].
fNL ' − 5
12
c2I , gNL '
25
108
c4I . (61)
Note that c2I > c
2  1 and therefore the non-linearity parameters are expected to be
large. Tight observational bounds on a negative value for fNL > −10 [63] require c2I < 24
in this simple model and hence from Eq. (60) an unacceptably blue primordial spectral
tilt nζ−1 > 0.16. An acceptable tilt and non-Gaussianity would require modifications to
the simple potential Eq. (60) which itself could trigger a transition and a isocurvature-
curvature conversion. The amplitude and sign of the non-linearity parameters then
becomes model-dependent but one generally finds f 2NL ∼ |gNL| ∼ c2 [112].
Alternative conversion mechanisms would produce a different amplitude of
primordial perturbations and hence non-Gaussianity. In models where the conversion
happens at a reflection in field space during a kinetic dominated phase give estimates
for the non-linearity parameters [111].
fNL ∼ − 3
2
√
2
K3c+ 5 , gNL ' −20c2
[
1− K
2
3
32
− K4
24
]
. (62)
K3 and K4 are expected to be of order unity. Again the non-linearity parameters are
expected to be large with |gNL| ∼ f 2NL ∼ c2. In this case we see that even if K3 is small,
such that |fNL| ∼ 1 [corresponding to c21 − c22  1/c in Eq. (58)], then we would expect
|gNL| to be large, unless K4 is also unexpectedly small. We note the further possibility
that isocurvature field fluctuations are converted to density perturbations only after the
bounce [113], as in curvaton or modulated decay models.
4. Conclusions
The distribution of primordial density perturbations contains more information than just
the power-spectrum. Among a plethora of different possible forms of non-Gaussianity
the local models provide a clearly defined class which arise naturally from the evolution
of the density perturbation on super-Hubble scales from initially Gaussian vacuum
fluctuations during inflation. In particular the (2 +n)-point function of a non-Gaussian
distribution generated by a local function of a single Gaussian field can be described at
leading order by the two-point function and n non-linearity parameters, fNL, gNL, etc.
Non-Gaussianities have the potential to reveal the physical interactions at work in
the very early Universe. For adiabatic perturbations during inflation the non-linearity
parameters are related to the scale-dependence of the power spectrum [2, 43] and hence
must be small. Thus any detection of local non-Gaussianity of the primordial density
perturbation would be evidence of non-adiabatic perturbations on super-Hubble scales,
e.g., the presence of multiple light fields during slow-roll inflation.
Current observational limits on fNL in the single-field local model come from
combining WMAP cosmic microwave background bounds (−10 < fNL < 74 [63]) with
large-scale structure (−29 < fNL < 70 [114]), yielding −5 < fNL < 70 at 95% confidence
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limit [63]. Recent work also places a bound −3.80 < gNL/106 < 3.88 from the WMAP
5-year data [115]. Care should be taken when applying these bounds to non-local or
even multi-variate local models. CMB bounds are obtained using matched filtering
techniques to construct an optimal estimator for fNL defined by Eq. (4). It estimates
the amplitude of a second-order primordial perturbation which has a specified correlation
with the first-order perturbation. On the other hand bounds from large scale structure
arise from the form of the (general relativistic) Poisson equation [116] which implies
that a local form for the primordial Newtonian potential requires a non-local form for
the comoving density contrast, leading to a distinctive scale-dependent bias [117].
There is great potential for future discovery coming from future CMB missions
such as ESA’s Planck satellite which has the potential to bound |fNL| < 5 and large-
scale structure surveys, including 21cm line radio surveys [118]. There is also plenty
of scope for further theoretical developments given the data that already exists to test
non-Gaussian models. New theoretical templates will need to be derived for optimised
constraints to be placed on alternative theoretical models of non-Gaussianity. At some
point primordial non-Gaussianity will be discovered as it inevitably arises from the non-
linear evolution of density perturbations and the last-scattering of the CMB photons
[119, 120], and it will then be a question of using all the available data to disentangle
the different contributions.
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Appendix A. Sign conventions
We collect together here definitions (at linear order) and sign conventions for the gauge-
invariant curvature perturbations used in the literature.
Given the FRW line element with scalar metric perturbations
ds2 = a2(η)
[
−(1 + 2A)dt2 + 2∂iBdxidη+
{(1 + 2C)δij + 2∂i∂jE} dxidxj
]
, (A.1)
the intrinsic spatial curvature is given by the Ricci scalar on constant-η hypersurfaces
(3)R = − 4
a2
∂2C . (A.2)
We can define three gauge invariant curvature perturbations at first-order:
(i) uniform-density curvature perturbation
ζ ≡ C + δρ
3(ρ+ P )
, (A.3)
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ζ R Φ fNL
this article + + + +
Malik & Wands [12] + − −Ψ +
Bassett, Tsujikawa & Wands [50] + − −Ψ −
Lyth & Rodriguez [10] + . − −
Lyth, Malik & Sasaki (sections 3 & 4 only) [16] − . . .
Maldacena [2] . +ζ − −
Komatsu & Spergel [6] . . + +
Liddle & Lyth [121] . + − .
Mukhanov, Feldman & Brandenberger [7] . −ζ −Ψ .
Kodama & Sasaki [122] . + + .
Bardeen [123] . +φm +ΦH .
Table A1. Summary of sign conventions and alternative notations used in specific
papers.
(ii) comoving-orthogonal curvature perturbation
R ≡ C − Hδϕ
ϕ′
, (A.4)
(iii) longitudinal-gauge curvature perturbation
Φ ≡ C +H(B − E ′) , (A.5)
where primes denote derivatives with respect to the conformal time η and H = a′/a.
Note that in the longitudinal gauge the curvature perturbation can be simply related
to the Newtonian potential.
The sign of the metric perturbation at the gauge-invariant variables formed from
it are arbitrary and different authors have adopted different signs and notations. A
different choice of sign for Φ in Eq.(2) then leads to a different choice of sign for fNL in
Eq.(3). This too is purely conventional, but once this choice is specified observations
are sensitive to the sign of the resulting Φ and hence the sign of fNL. Using the sign
conventions in this paper, a CMB sky with positive fNL has more cold spots, and one
with negative fNL has more hot spots.
Different notations and sign conventions used in specific papers are listed in
table A1.
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